Gravitational Radiation in Noncommutative Gravity 



(N 



O 

(N 



A. Jahan, N. Sadeghnezhad 
Research Institute for Astronomy and Astrophysics of Maragha (RIAAM) 
Maragha, IRAN, R O. Box: 55134 - 441 



Q ! jahan@riaam.ac.ir 
<N 



Abstract 



O: 

\^ ■ The gravitational radiation power of a binary system in a noncommutative space is derived and it's 

rate of the period decrease is calculated to first order in noncommutativity parameter. By comparing 

o . 

the theoretical results with the observational data of the binary pulsar PSR 1913+16, we find a bound 
5h ■ on the noncommutativity parameter. 

^ ■ 1 Introduction 
O" 

. The need to cure the infinities plaguing the quantum fields was the first motivation to enlarge the Lorentz 



symmetry to include the noncommutative algebra [1, 2]. However in recent decade interests in noncommu- 
tative theories gained a considerable attention because of the discoveries in string theory which imply that 
noncommutative space-time may be an inherent part of the high energy (Planck scale) physics. A space is 
noncommutative if it's coordinates satisfy 

X: 

^ . [x°',x'^] = i9°''^, = -61'^" (1) 

As a result of " ^-deformation" of the algebra of space-time coordinates one must replace the usual product 
among the fields with Weyl-Moyal product or ★-product [2], i.e. 

M^)*M^) = lim ei'''^^^^^'^M^)My)- (2) 

From the Feynman's rules point of view the only effect of the ^-product is to modify the n-point interaction 
vertices (3< n) by the phase factor [2] 

r(pi,...,p„) = e-^S"<''P"^P% (3) 

where Pa ^ Pb = (^fivPaPt ■ Here the momentum flow of the a-th field into the vertex is denoted by Pa ■ In 
the case of gravitational field the effect of noncommutating coordinates is to modify the Newton potential 
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as [3-6] 



F, = _g!^^-G^^L.0 + O(^2). (4) 



where L is the particle's angular momentum. The possible effects of the ^-deformed gravitational potential 
(4) on the celestial dynamics is considered by several authors [3-5]. 

In present work we shall consider the gravitational radiation of a two body system in a circular motion with 
deformed potential between the massive bodies. We follow a quantum field theoretic approach to derive the 
potential (4) in next section. In section 3 we will consider the classical gravitational two body problem and 
shall re-derive the deformed potential using the so called Bopp shift. In section 4, the gravitational radiation 
power and the period decrease rate are calculated for the system up to first order in noncommutativty 
parameter 0. Finally in section 5 the period decay of the model is compared with the observational data of 
binary pulsar PSR 1913+16 to obtain a bound on the noncommutativty parameter. 



2 Deformed Newton Potential 



In a NC flat background the interaction between gravitational and scalar fields is [6, 7] 



(5) 



Therefore, with the aid of formula (3) we obtain the deformed momentum space 2 scalar- 1 graviton vertex 

factor as 



Z7 
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pA,p' 



(6) 



where we have assumed = implying 9^^p^q^ — >■ p A q to avoid the problematic features of the non- 
commutative models [2]. Now let us look at a typical two-body scattering mediated by a graviton. For the 
spinless particles with masses nia and mb the scattering amplitude is [6] 



Me = Tl^''{Pa,Pa)D,,u,ap{Pa-Pa)Tg{Pb,p'b) 



(7) 



4-kG 



(Pa-P'a)'^ 



(Pa + Pb) -m^-m^ + [pa - p'b) -m^-m^ 



,ipA(p-p') 



where the momentum-space graviton propagator is 



In the non-relativistic limit we have 



-q^ 



iPa-Paf 

{Pa +Pbf ~ {rria+mbf, 

{Pa - p'bf ~ (ma - mtf -h q^ 



(8) 

(9) 
(10) 

(11) 
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By substituting (9)-(ll) in (7) we find the deformed gravitational potential 



Ue{^) = --^ / -|!^A^,(q)e'^- (12) 

^marrib J {2tiY 

^ _Q ma-mb 



with K = Gnriamb. 



3 Two body Problem in NC Gravity 

The hamiltonian describing two particles a and h interacting via the Newton potential is 

g = _pL + _pL_ (13) 

2ma 2m6 |Xa-X6| 

The classical canonical structure of the above system in NC space has the form 

R,£i} = {£t£i} = ^'^ (14) 
= {^t,^J = ^'^ (15) 

where we have used the correspondence i[j4, _B] {A,B} to achieve the classical canonical structure from 
its quantum counterpart [3, 4] . We introduce the new set of coordinates 



X = Xa - X;,, (16) 

rria +mb 



-^c — ; ) 



to rewrite (13) as 



2 ? 

Pc Px 



H=^-^ r + (18) 

2{ma+mb) 2fx |x| 



with classical canonical structure given by 

[X\X^] = 29'^, (19) 

[X\P^]=6'^^. (20) 

Now the so-called Bopp shift, i.e. 

X'^X' = X' + 9'^P^, (21) 
allows one to introduce the variable which fulfills the standard canonical structure 

[X\X^] = 0, (22) 
[X\P^]=P\ (23) 



By assuming that the center of mass is fixed, i.e. = 0, and on substituting 29 (c.f. (19)) the 
deformed Hamiltonian becomes 

For a circular motion i.e. ^ = the equation of motion yields 

3Hq ^2 

- = ijlR L>j0 — KiiOuje cos a — k = 0, (25) 

where we have used L = fiR^ujQ with Wq = Q "^a+pb = Here a denotes the angle between 6 and L. 
From (25) one finds the angular velocity of the system as 



u>$ = ^loqIiO cos a + + ^'^o/"^^^ ^^^^ ^ 
= coo + cosa + 0{6^). 



(26) 



4 Period Decay in a Compact Binary 

For a binary system located at = plane, the coordinates of the bodies a and b circulating around the 
center of mass, are 

Xl = -Xl = iiRcosujet, (27) 
Xl = -Xl = iiRsinujet, (28) 
= = 0. (29) 

The total gravitational power radiated by the system is P = ^(D'''D'') where the quadruple moment is 
[8] 

D^^ = fiR"^ {3 cos^ wet -1), (30) 
= iiR^i^sm^ujgt-l), (31) 
^21 ^ ^12 ^ Sij,R^smuj0tcosuJet. (32) 
D^^ = -nR'^ (33) 

The total radiated power by the both particles, Pg = Pga + Feb, becomes 

^ ^Gh^R^ojI + ^Gt,^RWo0cosa. 
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The energy of system is 



Ee = ^/Ltwgi?^ - t; - -^/xwo^cosa (35) 
/ H H 

2 ri 2 li 



K 1 h.n^ „ 
2R- 2^1^^ 



Therefore the rate of energy lose takes the form 



Thus by equating the left hand side of (36) to (34) one obtains 

dR 64 /G\3 , . l + 3woM^cosa 

dt 5c^\Ry l + |woM^cosa 

For ^ = the above expression coincides with the well-known textbook result [8] . Prom (37) and by virtue 
of r = T = 37rW we obtain the rate of period decay as 



192 TTmanib /27rG\ I 1 + SwoM^cosa 

'^^ ^ ^7 ^ 7T^ a 

5 {ma + mb)3^ J ^ l + |woMo'cosa 



~ To + At. 

where At = ^tqojq fi6 cos a. Again for ^ = we are left with the standard result for the rate of (circular) 
orbit decay [9]. 



5 PSR 1913+16 Binary System 

The masses of the pulsar and its companion in PSR 1913+16 binary system are 

mp = 1.44 Mq, (39) 
rUc = 1.38 Mq. (40) 

and the eccentricity of system is e = 0.61. For non-circular orbit, i.e. for e ^ case, the orbit decay rate 
To includes the factor /(e), which satisfies /(0.61) = 11.85 [9]. The theoretical and observed values for the 
orbit decay rates, the reduced mass and period of the system, respectively are [9] 

To = -2.42 X 10"^^ sec/sec, (41) 

T°'>' = -2.40 X 10-12 sec/sec, (42) 

H = 0.7 Mq = 1.39 X 10^° kg, (43) 

T = 27898.56 sec. (44) 



5 



So, by assuming cos a = 1, from the constraint 

At<\to-tS'''\, (45) 

we find 

6' < 5.28 X 10-29 m^. (46) 

One must note that the above result for noncommutativity parameter is valid as a rough estimation since 
the left hand side of constraint (45) does not include the factor accounting for the eccentricity of the system 
which is due to the fact that our analysis is restricted to the circular orbit. 
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